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Abstract
We consider the deformed harmonic oscillator as a discrete version of the Liouville
theory and study this model in the presence of local integrable defects. From this, the
time evolution of the defect degrees of freedom are determined, found in the form of the
local equations of motion. We also revisit the continuous Liouville theory, deriving its local
integrals of motion and comparing these with previous results from the sine-Gordon point
of view. Then, the generic Ba¨cklund type relations are presented, corresponding to the
implementation of time-like and space-like impurities in the continuum model. Finally,
we consider the interface of the Liouville theory with the free massless theory. With the
appropriate choice of the defect (Darboux) matrix we are able to derive the hetero-Ba¨cklund
transformation for the Liouville theory.
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1 Introduction
There has been a considerable amount of work in recent years devoted to the study of local
defects in discrete and continuum integrable models [1]–[15]. Here, we continue this line of
investigation considering the Liouville theory and its discrete integrable analogue, mainly
focusing on the equations of motion, equivalent to the time evolution of the defect degrees
of freedom, which are similar to Ba¨cklund type relations.
We choose to consider this type of models mainly due to the singular nature of the
associated Lax matrices. We follow the Hamiltonian description, but also utilise the idea
that the integrable defect may be seen as a quasi-Ba¨cklund transformation [15]. We consider
here a Lax operator that is a special limit of the (discrete) sine-Gordon Lax operator (see
[16, 17]), and it is modified in a similar fashion to [3, 10] such that it may be easily
employed at the quantum level, and in particular, within the Bethe ansatz formulation.
Such models are associated to harmonic oscillator algebras or suitable deformations thereof.
Other related models are, for instance, the Ablowitz-Ladik and the non-linear Schro¨dinger
models [18]. The ultimate aim is to deal with all these models under a unified algebraic
frame as far as the Ba¨cklund transformation relations are concerned.
More specifically, we shall consider here both the discrete and continuous versions of
the Liouville model. The Lax operator L of the discrete model has the form:
Ln(λ) =
(
eλvn − e
−λv−1n a¯n
an −e
−λvn
)
, (1.1)
1
at each site n, where an, a¯n, and vn are the fields, and λ is the spectral parameter.
We shall briefly review below how a suitably subtle continuum limit of (1.1) provides
the Lax operator of the continuous Liouville theory (see also [16]). Specifically, we multiply
the matrix above with the anti-diagonal 2× 2 matrix σx and consider the following map:
an = e
− ipin
2 , a¯n = e
ipin
2 , vn = e
−
iφn
2 . (1.2)
Taking a suitable continuum limit:
φn → φ(x), pin → pi(x), (1.3)
one obtains the Lax operator of the Liouville model:
U(λ) =
1
2
(
−ipi −2e−λ−iφ
4 sinh(λ− iφ) ipi
)
, (1.4)
where φ, pi are canonical classical fields.
The relevant r-matrix that satisfies the classical Yang-Baxter equation is:
rab(λ) =
1
sinhλ


cosh λ 0 0 0
0 0 1 0
0 1 0 0
0 0 0 coshλ

 , (1.5)
and we require that Ln satisfies a quadratic algebraic relation:{
Lan(λ), Lbm(µ)
}
=
[
rab(λ− µ), Lan(λ)Lbm(µ)
]
δnm. (1.6)
Similarly for the continuous Liouville model the U operator satisfies the following linear
algebra: {
Ua(λ, x), Ub(µ, y)
}
=
[
rab(λ− µ), Ua(λ, x) + Ub(µ, y)
]
δ(x − y). (1.7)
We shall first review the one dimensional discrete classical model, before implementing
local integrable defects. After extracting the local integrals of motion we shall also find the
time component of the Lax pair. Having these expressions at our disposal, we come to the
main focus of the present analysis: the derivation of the time evolution of the degrees of
freedom of the defect encoded on a suitable local Lax operator. In the case of the continuous
Liouville model in the presence of defects we discuss the integrals of motion as well as the
construction of the Lax pair, and verify their validity by comparing the massless limit of
previous results in this context of the sine-Gordon model. We then focus on the Ba¨cklund
type relations, i.e. the local equations of motion. Finally, we consider the case where two
different theories are separated by a suitable defect matrix. We choose the Liouville theory
and the free massless theory and we are able to identify the defect (Darboux) matrix that
provides the celebrated hetero-BT for the Liouville theory.
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2 The deformed oscillator
Before we consider the model of the deformed oscillator – with the Lax operator given
by (1.1) – in the presence of defects, let us first briefly review the model without any
discontinuities present. Recall the underlying algebraic structure of the model defined by
(1.6). Indeed, from this Poisson structure one immediately extracts the following algebraic
relations for the discrete fields:{
an, am
}
=
{
a¯n, a¯m
}
=
{
vn, vm
}
= 0,{
an, vm
}
= anvnδnm,{
a¯n, vm
}
= −a¯nvnδnm,{
an, a¯m
}
= −2v2nδnm.
(2.1)
Building the N site monodromy matrix:
T (λ) = LN (λ)LN−1(λ)...L1(λ), (2.2)
the integrals of motion can be read from the expansion about powers of eλ of the generating
functional G(λ) = ln tr T (λ). The first three integrals of motion are then given as:
I(0) =
N∑
j=1
ln vj , I
(1) = 0,
I(2) =
N∑
j=1
b¯j+1bj −
N∑
j=1
v−2j ,
(2.3)
where bj = ajv
−1
j and b¯j = a¯jv
−1
j , for which it immediately follows that:{
bn, bm
}
=
{
b¯n, b¯m
}
= 0,{
bn, vm
}
= bnvnδnm,{
b¯n, vm
}
= −b¯nvnδnm,{
bn, b¯m
}
= −(2 + bnb¯n)δnm.
(2.4)
It is worth noting that the latter relations coincide with the ones appearing in the Ablowitz-
Ladik model [18] up to a suitable rescaling of the fields and an appropriate definition of
the field vn in terms of bn, b¯n. This is an interesting observation that provides a clear
connection between the two models.
3
In addition to the local integrals of motion, one may also derive the time component of
the Lax pair using the classical algebra [19]:
Aj(λ, µ) = t
−1(λ) tra
{
Ta(N, j, λ)rab(λ− µ)Ta(j − 1, 1, λ)
}
, (2.5)
The A
(m)
j associated to each of the I
(m), as found by expanding Aj about powers of e
λ, can
be seen to be:
A
(0)
j =
(
1 0
0 0
)
, A
(1)
j = 0,
A
(2)
j =
(
2e2µ − b¯jbj−1 2e
µb¯j
2eµbj−1 b¯jbj−1
)
.
(2.6)
Using the zero-curvature condition on A
(2)
j (or equivalently, and as a consistency check,
Hamilton’s equations on I(2)), the equations of motions, i.e. the time evolution of the fields
aj , a¯j , and vj , can be shown to be:
a˙j = 2bj−1vj − 2bjv
−1
j + b¯j+1bjaj + b¯jbj−1aj,
˙¯aj = −2b¯j+1vj + 2b¯jv
−1
j − b¯j+1bj a¯j − b¯jbj−1a¯j,
v˙j = b¯j+1aj − a¯jbj−1.
(2.7)
The next subsection is devoted to the study of the discrete system in the presence of
local defects.
2.1 Implementing local defects
The local defect essentially modifies the monodromy matrix. In particular, the presence of
a defect on the nth site of the one dimensional lattice modifies the monodromy matrix as
follows:
T (λ) = L0N (λ) . . . L˜0n(λ− θ) . . . L01(λ). (2.8)
We choose to consider the following generic L˜ defect matrix, which satisfies the same
classical algebra (1.6) as L, so that integrability is guaranteed:
L˜n =
(
eλ−θXn − e
−λ+θX−1n z¯n
zn e
λ−θX−1n − e
−λ+θXn
)
. (2.9)
In fact, this is the key requirement at the algebraic level so that integrability a` la Liouville
is ensured by construction.
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As the quadratic algebra is ultralocal, the Poisson bracket of the bulk fields with the
defect fields are immediately zero, and the relations between the defect fields are:{
zn, zn
}
=
{
z¯n, z¯n
}
=
{
Xn,Xn
}
= 0,{
zn,Xn
}
= znXn,{
z¯n,Xn
}
= −z¯nXn,{
zn, z¯n
}
= 2(X−2n −X
2
n).
The introduction of this defect changes the associated integrals of motion to (with
yn = znX
−1
n and y¯n = z¯nX
−1
n ):
I˜(0) =
N∑
j 6=n
ln vj + lnXn − θ, I˜
(1) = 0,
I˜(2) =
N∑
j 6=n,n−1
b¯j+1bj −
N∑
j 6=n
v−2j + e
θ(y¯nbn−1 + b¯n+1yn) + b¯n+1bn−1X
−2
n − e
2θX−2n .
Expressions for the time component of the Lax pair when defects are present has been
derived in [12]. While the defect does leave the 0th and 1st order Aj matrices unchanged,
as well as A
(2)
j when j 6= n, n + 1, around the defect they become slightly “deformed”
compared to the bulk quantities given in (2.6). Introducing a new pair of variables, b˜n,n−1 =
eθyn + bn−1X
−2
n and
˜¯bn,n+1 = e
θy¯n + b¯n+1X
−2
n , these are:
A˜
(2)
n =
(
2e2µ − ˜¯bn,n+1bn−1 2e
µ˜¯bn,n+1
2eµbn−1 ˜¯bn,n+1bn−1
)
,
A˜
(2)
n+1 =
(
2e2µ − b¯n+1b˜n,n−1 2e
µb¯n+1
2eµb˜n,n−1 b¯n+1b˜n,n−1
)
.
(2.10)
Around the defect point, the equations of motion are also altered to account for the
presence of the defect. Hence the local equations of motion are given as:
a˙n−1 = 2bn−2vn−1 − 2bn−1v
−1
n−1 +
˜¯bn,n+1bn−1an−1 + b¯n−1bn−2an−1,
˙¯an−1 = −2˜¯bn,n+1vn−1 + 2b¯n−1v
−1
n−1 −
˜¯bn,n+1bn−1a¯n−1 − b¯n−1bn−2a¯n−1,
v˙n−1 = ˜¯bn,n+1an−1 − a¯n−1bn−2,
a˙n+1 = 2b˜n,n−1vn+1 − 2bn+1v
−1
n+1 + b¯n+2bn+1an+1 + b¯n+1b˜n,n−1an+1,
˙¯an+1 = −2b¯n+2vn+1 + 2b¯n+1v
−1
n+1 − b¯n+2bn+1a¯n+1 − b¯n+1b˜n,n−1a¯n+1,
v˙n+1 = b¯n+2an+1 − a¯n+1b˜n,n−1.
(2.11)
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At the defect itself, the equations of motion are instead for zn, z¯n, and Xn:
z˙n = 2e
θbn−1Xn − 2e
θ b˜n,n−1X
−1
n + b¯n+1b˜n,n−1zn +
˜¯bn,n+1bn−1zn,
˙¯zn = −2e
θ b¯n+1Xn + 2e
θ˜¯bn,n+1X
−1
n − b¯n+1b˜n,n−1z¯n −
˜¯bn,n+1bn−1z¯n,
X˙n = e
θ b¯n+1zn − e
θz¯nbn−1.
(2.12)
Note that the set of equations becomes increasingly involved as we consider higher
integrals of motion. The main difference compared to the continuous case, as will be evident
below, is that in discrete models no continuity conditions exist to keep the effect of the
discontinuity “local”. Clearly, the effect of the impurity spreads rabidly when considering
higher orders of the hierarchy, providing more and more complicated clusters of equations
that describe the time evolution of the defect. We have several examples already at our
disposal of similar intricate behaviour, i.e. the Discrete NLS [12], the Toda chain [15], and
the deformed oscillator presented here, which we hope to study under some kind of unified
scheme.
3 The Liouville theory
As in the discrete case we shall first review the Liouville model without discontinuities.
In fact, one could study the Liouville theory as a certain limit of the sine-Gordon model,
however there are certain intricacies (especially in the presence of a defect) that one has to
consider when studying the model in more detail. This is also the case when dealing with
the associated Ba¨cklund type relations. For instance in the sine-Gordon case, type I defects
give rise to the familiar Ba¨cklund relations, whereas in the Liouville theory they provide
rather trivial results.
Recall the Lax pair for the Liouville model, which may be seen as a suitable massless
limit of the sine-Gordon model [20]:
U(λ) =
1
2
(
−ipi −2e−λ−iφ
4 sinh(λ− iφ) ipi
)
,
V (λ) =
1
2
(
−iφx 2e
−λ−iφ
4 cosh(λ− iφ) iφx
)
,
(3.1)
where the fields are φ(x, t) and pi(x, t) = φt. Inserting these into the zero curvature condition
(Ut − Vx + [U, V ] = 0) returns the Liouville equation:
φtt − φxx − 4ie
−2iφ = 0. (3.2)
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After performing a gauge transformation T → g−1Tg, where g = e−iφσ
z/2 and T is the
monodromy matrix built below, the space component of the Lax pair looks like:
U˜(λ) =
1
2
(
i(φx − pi) −2e
−λ
2eλ−2iφ − 2e−λ −i(φx − pi)
)
. (3.3)
Using this, an infinite series of integrals of motion can be found from the expansion
of the generating functional G = ln tr T (L,−L, λ) about its powers of eλ, where T is the
monodromy matrix given by:
T˜ (x, y, λ) = P exp
{∫ x
y
U˜(ξ, λ)dξ
}
, (3.4)
which can also be split as:
T˜ (x, y, λ) =
(
I+W (x, λ)
)
eZ(x,y,λ)
(
I+W (y, λ)
)−1
, (3.5)
where Z(x, y, λ) and W (x, λ) are diagonal and anti-diagonal matrices respectively, that can
be expanded in powers of u = eλ:
W (x, λ) =
∞∑
n=1
unW (n)(x),
Z(x, y, λ) =
∞∑
n=−1
unZ(n)(x, y).
(3.6)
Even after this splitting, T must still obey the auxiliary linear problem, so by inserting
this definition of T into the spatial part (that Tx = UT ) and separating the resulting
equation into its diagonal and anti-diagonal parts we can get expressions for the Z(n) and
W (n):
∞∑
n=−1
unZ(n)x = UD +
∞∑
n=0
unUAW
(n),
∞∑
n=0
unW (n)x +
∞∑
n=0
un
[
W (n), UD
]
− UA +
∞∑
n,m=0
un+mW (n)UAW
(m) = 0,
(3.7)
where UD and UA are the diagonal and anti-diagonal parts of U respectively.
As the trace is cyclic, when G is written in terms of theW and Z matrices the (I+W (L))
and (I+W (−L))−1 terms cancel out (after imposing periodic boundary conditions), leaving:
G = ln tr eZ(L,−L,λ). (3.8)
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The matrix exponential of a diagonal matrix is just the matrix with its elements exponenti-
ated, and in the limit as u−1 →∞, the dominant term will be Z
(−1)
11 , so the term depending
on Z22 can be dropped, leaving:
G = u−1Z
(−1)
11 + Z
(0)
11 + uZ
(1)
11 + .... (3.9)
The first (non-trivial) integral of motion is the one of order u, so is just the top-left
element of Z(1), i.e.:
I(1) = −
1
2
∫ L
−L
(
1
4
(
φ2x + pi
2 − 2φxpi
)
+ e−2iφ
)
dx. (3.10)
To find the Hamiltonian for the system, a second integral of motion needs to be found
by exploiting the symmetry that U(φ, pi, λ) = σxUT (φ,−pi, λ)σx. Then, as σxσx = I, the
σx matrices can be pulled out of the exponential, leaving the monodromy matrix found
after the symmetry as:
T (x, y, φ, pi, λ) = σx
(
Pexp
{∫ x
y
UT (ξ, φ,−pi, λ)dξ
})
σx. (3.11)
The effect this has is that after theW (n) and Z(n) matrices are modified accordingly, another
integral of motion can be read from the top-left entry of Z(1):
I(1)sym = −
1
2
∫ L
−L
(
1
4
(
φ2x + pi
2 + 2φxpi
)
+ e−2iφ
)
dx. (3.12)
As any combination of integrals of motion must itself be an integral of motion, the momen-
tum and Hamiltonian of this system can be found from these by taking their difference and
sum, respectively:
I(1)sym − I
(1) ∝ P =
∫ L
−L
φxpidx,
I(1)sym + I
(1) ∝ H =
∫ L
−L
(
1
2
(
φ2x + pi
2
)
+ 2e−2iφ
)
dx.
(3.13)
As discussed in [21] one can consider the “dual” picture, i.e. study the system along
the time direction. Then the monodromy matrix is made to satisfy the time half of the
auxiliary linear problem instead of the space half, so becomes the exponential of the time
component of the Lax pair V . Repeating the calculations with T (x, y, λ) = P exp
{∫ x
y V dt
}
gives the integral of motion as:
I(1) = −
1
2
∫ L
−L
(
1
4
(
φ2x + pi
2 − 2φxpi
)
− e−2iφ
)
dt. (3.14)
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This time, the symmetry that V (φ, φx, λ) = σ
xV T (φ,−φx, λ)σ
x is used, which gives the
alternate integral of motion as:
I(1)sym = −
1
2
∫ L
−L
(
1
4
(
φ2x + pi
2 + 2φxpi
)
− e−2iφ
)
dt, (3.15)
so the “time versions” of the momentum and Hamiltonian are:
I(1)sym − I
(1) ∝ P(t) =
∫ L
−L
φxpidx,
I(1)sym + I
(1) ∝ H(t) =
∫ L
−L
(
1
2
(
φ2x + pi
2
)
− 2e−2iφ
)
dt.
(3.16)
In fact, the duality is in general rather straightforward for the Liouville, sine-Gordon,
and Affine Toda Field theory cases. This is due to the fact that all the mentioned models
are relativistic, thus an easy “dictionary” that leads from the space-like to the time-like
picture can be used:
x→ t, φt → φx, λ→ λ+
ipi
2
. (3.17)
3.1 Implementing defects
As in the case with the deformed oscillator, a type II defect is considered:
L˜(λ) =
(
eλX − e−λX−1 z¯
z eλX−1 − e−λX
)
. (3.18)
This defect is inserted at a point x0 ∈ [−L,L], flanked by the points x
+
0 > x0 > x
−
0 ,
such that the monodromy matrix now takes the form:
T (L,−L, λ) = T+(L, x+0 , λ)L˜(x0, λ)T
−(x−0 ,−L, λ), (3.19)
with T± satisfying their own auxiliary linear problems, T±x = U
±T± with their own Lax
pair matrices, given by (after performing the gauge transformation given above):
U˜±(λ) =
1
2
(
i(φ±x − pi
±) −2e−λ
2eλ−2iφ
±
− 2e−λ −i(φ±x − pi
±)
)
. (3.20)
Each of these T± can be split into a combination of W±(n) and Z±(n), which satisfy the
relations (3.7). The W±(n) and Z±(n) matrices will therefore take similar forms to those
without the defect.
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Again, the integrals of motion are read from the expansion of G = ln tr T (L,−L, λ)
about powers of u = eλ, so assuming periodic boundary conditions, this is (suppressing the
λ dependence):
G = ln
[
tr
{
eZ
+(L,x+0 )
(
I+W+(x+0 )
)−1(
g+(x+0 )
)−1
L˜ g−(x−0 )
(
I+W−(x−0 )
)
eZ
−(x−0 ,−L)
}]
,
where g± are the gauge transformations for T± defined in the case without defects. Con-
sidering again the limit as u−1 → ∞, the elements Z±11 will dominate over Z
±
22, so the
exponentials of the Z± matrices can be replaced:
eZ
±
→ eZ
±
11
(
1 0
0 0
)
,
then as the trace of these matrices is considered, the generating functional can be written
(after factoring out the exponentials of Z±11):
G = Z+11 + Z
−
11 + ln
[(
I+W+(x+0 )
)−1(
g+(x+0 )
)−1
L˜(x0)g
−(x−0 )
(
I+W−(x−0 )
)]
11
.
Explicitly calculating the term inside the logarithm, the coefficient of u1 is the first
(non-trivial) integral of motion:
I(1) = −
1
2
∫ L
x+0
(1
4
(
φ+x − pi
+
)2
+ e−2iφ
+
)
dx−
1
2
∫ x−0
−L
(1
4
(
φ−x − pi
−
)2
+ e−2iφ
−
)
dx
+
1
D
(
ze−
i
2
(φ++φ−) + z¯e
i
2
(φ++φ−)
)
−
iA
2D
(
φ+x − pi
+ + φ−x − pi
−
)
+
i
2
(
φ+x − pi
+
)
,
(3.21)
where D and A are defined to be:
D = Xe−
i
2
(φ+−φ−) +X−1e
i
2
(φ+−φ−),
A = Xe−
i
2
(φ+−φ−).
(3.22)
In the presence of the defect L˜, the symmetry of the monodromy matrix can instead be
written as (suppressing all unchanged dependencies):
T
(
U(pi), L˜(X)
)
= T
(
σxUT (−pi)σx, σxL˜T (X−1)σx
)
. (3.23)
As the symmetry affects the untransformed Lax matrix, the gauge transformation is not
performed until after the monodromy matrices are changed under the symmetry, so can be
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written in terms of the W±sym and Z
±
sym from the case above as:
T˜+sym =
(
g+(L)
)
σx
(
I+W+sym(L)
)
eZ
+
sym(L,x
+
0 )
(
I+W+sym(x
+
0 )
)−1
σx
(
g+(x+0 )
)−1
,
T˜−sym =
(
g−(x−0 )
)
σx
(
I+W−sym(x
−
0 )
)
eZ
−
sym(x
−
0 ,−L)
(
I+W−sym(−L)
)−1
σx
(
g−(−L)
)−1
.
Therefore, assuming periodic boundary conditions and noticing that σxg±σx = (g±)−1, the
generating functional can be modified accordingly. In the u−1 →∞ limit of this G, the first
non-trivial integral of motion arises from the u1 term as:
I(1)sym = −
1
2
∫ L
x+0
(1
4
(
φ+x + pi
+
)2
+ e−2iφ
+
)
dx−
1
2
∫ x−0
−L
(1
4
(
φ−x + pi
−
)2
+ e−2iφ
−
)
dx
+
1
D
(
ze−
i
2
(φ++φ−) + z¯e
i
2
(φ++φ−)
)
−
iA−1
2D
(
φ+x + pi
+ + φ−x + pi
−
)
+
i
2
(
φ+x + pi
+
)
.
(3.24)
Combining this with the pre-symmetry integral of motion in the same manner as was
done without the defect gives the momentum (proportional to I
(1)
sym − I
(1)) and the Hamil-
tonian (proportional to I
(1)
sym + I(1)) in the presence of the defect as:
P =
∫ L
x+0
φ+x pi
+dx+
∫ x−0
−L
φ−x pi
−dx− i
(
pi+ − pi−
)
− i
A−A−1
D
(
φ+x + φ
−
x
)
,
H =
∫ L
x+0
(1
2
(
(φ+x )
2 + (pi+)2
)
+ 2e−2iφ
+
)
dx+
∫ x−0
−L
(1
2
(
(φ−x )
2 + (pi−)2
)
+ 2e−2iφ
−
)
dx
−
4
D
(
ze−
i
2
(φ++φ−) + z¯e
i
2
(φ++φ−)
)
− i
(
φ+x − φ
−
x
)
− i
A−A−1
D
(
pi+ + pi−
)
.
Note that, as in the bulk case, we can establish the “dual” time-like picture in a straightfor-
ward manner based on the dictionary (3.17) and considering the same type of defect along
the time direction.
Lax pairs & gluing conditions
The derivation of the time components of the Lax pairs around the defect point is a nec-
essary step according to the analysis in [13] for establishing the related gluing conditions
around the defect point. It turns out that these relations are also automatically satisfied
when extracting the Ba¨cklund transformation relations.
The expression for the time components of the Lax pair around the defect are found
from the left and right via the equations derived in [13]:
V˜ +(x0, λ, µ) = t
−1(λ)tra
{
T+a (L, x0, λ)rab(λ− µ)L˜a(x0, λ)T
−
a (x0,−L, λ)
}
,
V˜ −(x0, λ, µ) = t
−1(λ)tra
{
T+a (L, x0, λ)L˜a(x0, λ)rab(λ− µ)T
−
a (x0,−L, λ)
}
.
(3.25)
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The bulk quantities provide the familiar left and right Liouville theory Lax pairs, and
these two bulk V matrices with rab away from the defect are required to smoothly transition
to the above matrices with tildes (those with rab at the defect) in the limit as x → x
±
0 .
This requirement will give rise to certain sewing conditions.
After splitting these matrices about powers of u, the first order terms away from the
defect are:
V +(1)(x, µ) = −iσz
(
φ+x (x)− pi
+(x)
)
+ 4e−µ
(
σ+e−iφ
+
+ σ−eiφ
+)
,
V −(1)(x, µ) = −iσz
(
φ−x (x)− pi
−(x)
)
+ 4e−µ
(
σ+e−iφ
−
+ σ−eiφ
−)
,
(3.26)
and those near the defect are:
V˜ +(1)(x0, µ) =
1
D2
σz
(
A−1ze−
i
2
(φ++φ−) −Az¯e
i
2
(φ++φ−) −
i
2
(
φ+x − pi
+ + φ−x − pi
−
))
+
2
D
e−µ
(
σ+X−1e−
i
2
(φ++φ−) + σ−Xe
i
2
(φ++φ−)
)
,
V˜ −(1)(x0, µ) =
1
D2
σz
(
A−1z¯e
i
2
(φ++φ−) −Aze−
i
2
(φ++φ−) −
i
2
(
φ+x − pi
+ + φ−x − pi
−
))
+
2
D
e−µ
(
σ+Xe−
i
2
(φ++φ−) + σ−X−1e
i
2
(φ++φ−)
)
.
(3.27)
From requiring that V ±(1) → V˜ ±(1) as x→ x0, the anti-diagonal elements give the first
sewing condition S1:
S1 = X − e
i
2
(φ+−φ−), (3.28)
such that if the condition is satisfied (i.e. if X = e
i
2
(φ+−φ−)), then S1 ≈ 0.
Ba¨cklund type relations
We shall derive below the time and space Ba¨cklund type relations (we refer the interested
reader to [22]–[25] for more details on Ba¨cklund transformations) arising from the local
equations of motion on the defect point. First, the case with space-like defects is considered
and the t-part of the Ba¨cklund transformation is obtained. Then, by similar reasoning, the
study of the integrable defect along the time axis will provide the x-part of the Ba¨cklund
transformation.
Using a type II Darboux matrix:
L =
(
ue−θX − u−1eθX−1 Y
Z ue−θX−1 − u−1eθX
)
, (3.29)
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and inserting this into the Ba¨cklund transformation relations:
Lx = U˜L− LU, Lt = V˜ L− LV, (3.30)
where the subscripts represent differentiation with respect to the named variable, gives
expressions for each of the fields X, Y , and Z in terms of the fields φ, φ˜, pi, and p˜i. First,
the X expression is simply:
X = e
i
2
(φ˜−φ). (3.31)
This is then used in the t-part of the space-like Ba¨cklund transformation relations to obtain
the following set of equations between Y and Z. From the diagonal elements:
i(φ˜t − φt) = −2Y (e
θe−
i(φ+φ˜)
2 + e−θe
i(φ+φ˜)
2 ) + 2Ze−θe−
i(φ+φ˜)
2 ,
i(φ˜x − φx) = −2Y (e
θe−
i(φ+φ˜)
2 − e−θe
i(φ+φ˜)
2 )− 2Ze−θe−
i(φ+φ˜)
2 ,
(3.32)
and the anti-diagonal elements:
Yt = −i(φx + φ˜x)Y − e
−θe−
i(φ+φ˜)
2 sinh i(φ˜− φ),
Zt = i(φx + φ˜x)Z + e
θe−
i(φ+φ˜)
2 sinh i(φ˜− φ) + e−θe
i(φ+φ˜)
2 sinh i(φ˜− φ).
(3.33)
It is worth noting that the latter relations arise also as gluing/analyticity conditions when
requiring analyticity of the V operator around the defect point V˜ (x0) → V
±(x0) as pre-
viously discussed. This coincidence is a strong indication of the validity of the process
followed to describe the integrable defect.
Similarly, when the time-like defect is considered the anti-diagonal elements of the x-
part read as:
Yx = −i(φt + φ˜t)Y + e
−θe−
i(φ+φ˜)
2 sinh i(φ˜− φ),
Zx = i(φt + φ˜t)Z + e
θe−
i(φ+φ˜)
2 sinh i(φ˜− φ)− e−θe
i(φ+φ˜)
2 sinh i(φ˜− φ).
(3.34)
To describe the effect of the discontinuity on the one dimensional system, one has to, in
principal, consider these equations separately. In the space like description, we are basically
interested in the time evolution of the defect degrees of freedom encoded in the defect matrix
L. The main difference to the familiar Ba¨cklund transformation relation is that the x and t
parts are simultaneously satisfied, whereas in the defect picture, depending on whether we
consider the space-like or time-like description, we focus on the t or x evolution respectively.
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4 Defects as interfaces between models
Much as the presence of an integrable defect can be thought of as a localised Ba¨cklund
transformation, we can build what would be the equivalent of a hetero-Ba¨cklund transfor-
mation by using an integrable defect to interface between two different models. At the level
of the monodromy matrix, when considering two distinct models on the line separated my
the defect matrix L˜ then:
T (λ) = T+(λ) L˜(x0, λ) T
−(λ).
but now T+ and T− are different theories. For integrability to be ensured the following
condition should hold (see [15] for more details):
dL˜(λ)
dt
= V + L˜(λ)− L˜(λ) V −(λ). (4.1)
For instance, consider the interface between the free massless theory and the Liouville
theory, which is the simplest possible example of an interface between the sine-Gordon
model and the Liouville theory. Let us consider a slightly modified Lax pair for the Liouvile
theory:
U+(λ) =
1
2
(
−ip˜i −2ce−λ+iφ˜
−2c eλ+iφ˜ ipi
)
, V +(λ) =
1
2
(
−iφ˜x 2ce
−λ+iφ˜
2c eλ+iφ iφ˜x
)
, (4.2)
and the equations of motion from the zero curvature condition read as:
∂2xφ˜− ∂
2
t φ˜+ 4ic
2e2iφ˜ = 0. (4.3)
The Lax pair for the free theory is very simple:
U−(λ) = −
i
2
pi I, V −(λ) = −
i
2
φx I, (4.4)
where I is the 2× 2 unit matrix, and the corresponding equations of motion are:
∂2xφ− ∂
2
t φ = 0. (4.5)
It is clear the the equations of motion remain invariant if we multiply U− and V − with the
same constant matrix.
We chose to consider the following Darboux matrix:
L˜(λ,Θ) =
(
A Xe−λ−Θ
Zeλ+Θ B
)
, (4.6)
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where Θ is an extra free parameter (Ba¨cklund transformation parameter) and the elements
A, B, X, Z are to be determined via (4.1). Indeed, setting:
A = X = e
i
2
(φ˜+φ), Z = B = e
1
2
(φ˜−φ), (4.7)
and using light cone coordinates z = x+ t, z¯ = x− t for convenience, then by solving (4.1)
we obtain:
i∂z(φ˜− φ) = −2ce
Θei(φ˜+φ),
i∂z¯(φ˜+ φ) = −2ce
−Θei(φ˜−φ),
(4.8)
which is the celebrated hetero-Ba¨cklund transformation for the Liouville theory, and the
solution of the Liouville equation is expressed in terms of the free field. It is also clear via
(4.8) that the fields satisfy the correct equations of motion (4.3), (4.5). As expected, the
same relations are obtained if one considers the x part of the Ba¨kclund relations i.e. a time
like defect.
5 Discussion
Some generic comments can be made for the considered models. The typical property
of the discrete and continuum Liouville model is the fact that the L matrix is somehow
“singular” and is associated to the harmonic oscillator algebra, as opposed to the case of
the generalised XXX and XXZ models and their continuous counterparts, for example.
Another key issue one may address is the classical scattering of solitonic excitations.
This can be studied by acting on the auxiliary function with various Ba¨cklund transforma-
tions, and then considering the asymptotic behaviour of the auxiliary function. Effectively,
this can be better interpreted by the derivation of the related Gelfand-Levitan-Marchenko
equation (see e.g. [20]) in the presence of local discontinuities via the Zakharov-Shabat
dressing (see e.g. [23]). Let us stress that particular emphasis should be given when con-
sidering the infinite product of fundamental Darboux matrices acting on the defect point.
Although we have been able to identify the Darboux-Ba¨cklund transformation for the
Liouville theory we would like to generalize these computations in order to identify the het-
ero Ba¨cklund transformation for the Liouville and sine-Gordon theories as well as consider
the discrete analogues of these models. It is clear that both the continuous and discrete
Liouville theories merit further investigation, as wel as their higher rank generalisations.
According to the Hamiltonian description [13], the main algebraic requirement is that the
bulk theories, as well as the defect matrix, share the same classical algebraic content, i.e.
the same r-matrix. These kinds of discontinuities may be seen as some kind of local “gauge”
transformations relating solutions of different nonlinear PDEs.
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In general, the derivation of a generic auto- or hetero-Ba¨cklund transformation is asso-
ciated to the identification of the general Darboux matrix, formally expressed as:
M(λ) =
N∑
n=−N
enλPn.
This general Darboux matrix should satisfy the classical fundamental algebra (1.6), so by
imposing this requirement, the structure of the generic Darboux (and/or defect) matrix
can be established. Moreover, this expansion should formally provide the connection with
the non-local charges of the theories under study, which essentially encode the underlying
symmetry of the model. Consequently, a connection between the generic Darboux trans-
formation and the associated deformed algebra is a really significant question.
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